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Abstract 

We consider the periodic Zakharov-Shabat operators on the real line. The spectrum of 
this operator consists of intervals separated by gaps with the lengths \g n \ )0,n£ Z. 
Let be the corresponding effective masses and let h n be heights of the corresponding 
slits in the quasimomentum domain. We obtain a priori estimates of sequences g = 
(l^nDnez,/^ = {nt)n&,h = (h n ) n£ z in terms of weighted f-norms at p ^ 1. The 
proof is based on the analysis of the quasimomentum as the conformal mapping. 

1 Introduction and main results 

Consider the Zakharov-Shabat operator T acting on L 2 (R) © L 2 (IR) and given by 

'-4+™ V =(1\)<'={\1)< 

where V is a real 1-periodic 2x2 matrix- valued function of t G K. and V G -^ 1 (0, 1). In order 
to describe our main result we shall introduce some notations and recall some well known 
facts about the Zakharov-Shabat operator (see [Kr], [LS] for details). The spectrum of T is 
purely absolutely continuous and is given by the set Ucr n , with spectral bands a n = [z^_ x , z~], 
where . . . < z^^i ^ z tn-i < z 2n ^ z tn < • • • an d z^ = n(ir + o(l)) as |n| — > oo. These 
intervals cr n , cr n +i are separated by a gap g n = (z~, z+) with length \g n \ ^ 0. If a gap g n is 
degenerate, i.e. g n = 0, then the corresponding spectral bands a n , a n +i merge. The sequence 
. . . < z^ n _x ^ z tn-x < z 2n ^ z 2n < ■ ■ ■ * s the spectrum of equation J f + Vf = zf with 
the 2-periodic boundary conditions, i.e., f(t + 2) = f(t),t G E. Here the equality z~ = z+ 
means that z~ is the double eigenvalue. The eigenfunctions, corresponding to the eigenvalue 
z^, are 1-periodic, when n is even and they are antiperiodic, i.e., f(t + 1) = —f(t), t G R, 
when n is odd. Introduce the 2 x 2-matrix valued fundamental solution if) = if)(t,z) of the 
problem: 

Jif;' + Vip = zip, ip(0,z)=l 2 , zeC, (1.1) 
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where Z 2 is the identity 2 x 2-matrix. Introduce the Lyapunov function A(z) = iTr0(l, z). 
Note that A(z^) = (—1)™, n G Z, and the function A'(z) has exactly one zero z n G z£] 
for each n G Z. For each 1/ there exists a unique conformal mapping (the quasi-momentum) 
k : Z —> K{h) such that (see [Mil]) 

cos = A(z), z G 2 = C \ U7„, -^(ft) = C \ ur n , T n = (nn — ih n , nn + ih n ), 

k(z) — z + o(l) as |z| — > oo, 

where T n is the vertical slit and the height h n ^ is defined by the equation cosh h n = 
(— l) n A(z n ) ^ 1. We emphasize that the introduction of the quasi-momentum k(z) provides 
a natural labeling of all gaps 7„ (including the empty ones!) by demanding that k(-) maps 
the gap g on the vertical slit T = (—ih ,ih ). 

For any p ^ 1 and the weight uj = (co> n )nez, where uj n ^ 1, we introduce the real spaces 



fie 



If the weight u; n = 1 for all n G Z, then we will write £q = ^ p with the norm || • For each 
V we introduce the sequences 

h=(h n ) neZ , 7 = (|7n|)ngz, J = (J n )nez, J n = \A n fi^O, A n = - I v(z)dz^O. 

71 Jin 

For the defocussing cubic non-linear Schrodinger equation (a completely integrable infinite 
dimensional Hamiltonian system), A n is an action variables (see I I 'M ) . Recall the following 
identities from [KKlj 

- / v(z)dz = - !! \z\k) - l\ 2 dudv = -\\V\\ 2 , (1.2) 

Jr 7T J J c 2 

where H^H 2 = ^(Yiif) + V 2 2 (t))di. Korotyaev |Klj obtained the two-sided estimates for the 
case £ 2 , for example 

|M| 2 ^2||/i|| 2 ^7r|M| 2 (2+|M| 2 ), (1.3) 

-^||o|| 2 ^||y|K2|| || 2 (i + || || 2 ). (i.4) 

Our main goal is to obtain similar estimates in terms of the £ p and £'^— norms. Our first 
results are devoted to estimates in terms of £ p — norms. Let below - + - = l,p, q ^ 1. 

Theorem 1.1. Let V G -^(0, 1). Then the following estimates hold true: 

o(p+3)p 

2"1b||p ^ ||% ^ 2\\g\\ p (l + a° p \\g\\ p p ), p G [1, 2], a° p = — — , (1.5) 

\h\\ P <lc 2 M^+( 2 -^-)^h\\r), c p =(^) 1/P , p>2, i + i = i, (1-6) 
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7T P"*"«\ V 7T 2 / V 2 / p q 



<\\J\\ P <^\\9Ul + a° p \\g\\l) 1/2 , p>l, (1.7) 



2 -||^IIp < 11% < 4|| J|| p (l + qJ^H J\\l), p > 1. (1.8) 

Estimates (j2TT]) - (j2TIj) are new for p G [1, 2). 

In the case z~ < z+ we define the effective masses p^ by 

g(Jfc) - z ± = (fc ~ (1 + 0(k - 7m)) as z^z£. (1.9) 



If |g n | = 0, then we set /ij = 0. Define the sequence p^ = (p^) ne z- Our second result is 
Theorem 1.2. Let h G ££,,p G [1,2]. T/ien t/ie following estimates hold true 



^min{27r||/i ± || 00 , \\J\\ P ^ 2\\g\\ p>ul (l + ajy|*j*}, (1.10) 



i 



P ,* < 2||/i|U < cglMU, c = e-" h "~, (1.11) 
P ,a,<2||J||^<c^||^|U, (1.12) 

II^IU<cL/^||J|U (1.13) 



iW < 211^11^ < c 8 |MU- (1.14) 



Estimates (I2.5p - (j2.9j) are new. Introduce the real Hilbert spaces £f m ),Tn G K of the 



(m) ' 

sequences {/ n }i° equipped with the norm ||/||? m \ = J2 n >i(^ 7in ) 2m fn- Korotyaev obtained 
the two-sided estimates for the norms, m ^ for the even case h_ n = h n ,n G Z 

QK2]- [K4] ) and for £"(— norms without symmetry ( |Klj . ( |K6j )) (in all these estimates the 
factor Co = e"^' 00 / 71 " is absent). 

Proposition 1.3. Let V G L 2 (0, 1) . Then 

WHoo < \\V\\, (1.15) 

WW 9 < l\\h\\ p \\g\\ q , P>h (1.16) 

2 ^(-)"ll% f Nlf, pe[i,2], (1.17) 

7T 

^^NLNIi^^NI?, (1.18) 

^-\\g\\u Il5l|i^2||/ i || 1 . (1.19) 

7T 
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Note that the comb mappings are used in various fields of mathematics. We enumerate 
the more important directions: 

1) the conformal mapping theory, 2) the Lowner equation and the quadratic differentials, 
3) the electrostatic problems on the plane, 4) analytic capacity, 5) the spectral theory of the 
operators with periodic coefficients, 6) inverse problems for the Hill operator and the Dirac 
operator, 7) the KDV equation and the NLS equation with periodic initial value problem. 

Example of an electrostatic field. Consider the system of neutral conductors T n , n G 
Z on the plane for some h G In other words, we embed the system of neutral conductors 
T n in the external homogeneous electrostatic field Eq = (0,-1) G M 2 on the plane. Then 
on each conductor there exists the induced charge, positive e n > on the lower half of the 
conductor T n and negative (— e n ) < on the upper half of the conductor T n , since their sum 
equals zero. As a result we have new perturbed electrostatic field S G IR 2 . It is well known 
that 8 = iz'(k) = —Vy(k), k = u + iv G K(h), z = x + iy, where z(k) is the conformal 
mapping from K(h) onto the domain Z = C \ Ug n . The function y(k) is called the potential 
of the electrostatic field in K(h). The density of the charge on the conductor has the form 
p{k) = \y' u (k)\ /4tt, k G T n (see |LS] ). Thus we obtain the induced charge e n on the upper 
half of the conductor r+ = T n PI C + by: 

e n = ^j^x' v (k)dv = ^\g n \. 

Introduce the bipolar moment d n of the conductor T n with the charge density p(k) by 
dn — 2~ Jr vx v {k)dv ^ 0. We transform this value into the form 

dn = 7T" / v(x)dx = 4^- 

Z7T /. 4 

In the paper [KK3j we study inverse problems for both the charge mapping h — > e = (e n ) n£ z 
and the bipolar moment mapping h —>■ J acting in £^,p G [1, 2]. In order to solve the inverse 
problems we need a priori estimates from Theorems 11.11 and 11.21 

A priori estimates of potentials in terms of spectral data essentially simplify the proof in 
the inverse problems. Such simplification was introduced by Garnett and Trubowitz |GTlj 
and Kargaev and Korotyaev [KK2] and essentially was used in [K6j - |K9j . 

For the sake of the reader, we briefly recall the results existing in the literature about 
the a priori estimates. Firstly, we describe a priori estimates for the Hill operators — -C- + P 
in L 2 (R) with the real 1-periodic potential P G L 2 (0, 1) nd f£ P(t)dt = 0. The spec- 
trum of this operator consists of intervals separated by gaps 7 n , n ^ 1 with the lengths 
\^f n \ ) fl,n 6 Z. Marchenko and Ostrovski [MOl-2] obtained the estimates: ||P|| ^ C(l + 
H^lloo)INI(i), INI(i) ^ C||P||e c ' !|p|1 for some absolute constant C, where ||P|| 2 = J Q P 2 (t)dt 
and || /iH 2 ^ = X](27r ri ) 2 ^n- These estimates are very rough since they used the Bernstein 
inequality. Using the harmonic measure argument Garnett and Trubowitz |GTj obtained 
||7|| ^ (4 + where 7 = (|7 n |)i° and recall that h n are heights on the quasimo- 

mentum domain. First two-sided estimates (very rough) for g, h were obtained in [KK2] . 
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Identities and a complete system of a priori estimates (in terms of gap lengths, effective 
masses etc) were obtained by Korotyaev |Klj - |K6j . In the paper [K3], [K5], [K6] the following 
estimates were obtained: 

|| 7 || 2 < 6||P||(1 + \\Pfs), \\P\\ < 4|| 7 || 2 (1 + || 7 ||I), 

2\\h\\ {1) <7r||P||(l + ||P||s), ||P|| ^3(6+||/i|| 00 )5||/ i || (1) . 

These estimates show the "equivalence" of the values ||7||, ||/i||(i), ||-P||. Note the author 
solved the inverse problem and obtained the two-sided estimates for the case P = y', where 
y G L 2 (0, 1). A priori two-sided estimates for the case p( m ) g L 2 (0, l),m ^ 1 were obtained 
by Korotyaev in [Klj . 

Secondly for the Zakharov-Shabat systems the two-sided estimates were obtained by 
Korotyaev for V G L 2 (0, 1) in [lOj (see (OJ - IJOl) ) and for V G L 2 (0, 1) in [K6]. There are 
no a priori estimates for the case 

e L 2 (0, 1), m ^ 2. The proof of a priori estimates in 
|K1] - |K6] is based on the analysis of the quasimomentum as the conformal mapping. 

We shortly describe the proof. In order to prove Theorem ll.ll -Proposition ll.3l we use the 
analysis of a conformal mapping corresponding to quasimomentum of the Zakharov-Shabat 
operator. That makes it possible to reformulate the problems for the differential operator as 
the problems of the conformal mapping theory. Then we should study the metric properties 
of a conformal mapping from C + onto a "comb" K + (h). A similar analysis was done partially 
in [KK1-3], [Kl-3]. In the present paper we use an approach, based on the identities for the 
Dirichlet integral (1.2) from |KKlj and the estimates from Theorem 2.7 and Lemma 3.1. We 
emphasize the important role of the Dirichlet integral (this is the energy for the conformal 
mapping) in this consideration. 

We now describe the plan of the paper. In Section 2 we shall obtain some preliminaries 
results and "local basic estimates" in Theorem 12.71 In Section 3 we shall prove Lemma 3.1 
and the main theorems. Moreover, we consider some examples, which describe our estimates. 

2 Preliminaries 

Consider a conformal mapping z : K + (h) — > C + with asymptotics z(iv) = iv(l + o(l)) as 
v — > 00, where k = u + iv G K(h). Here h = (h n ) ne z G h n ^ is some sequence and 
K + (h) = C + n K(h) is the so-called comb domain, where K{h) is given by 

K(h) = C \ U nGZ r n , T n = [u n - ih n , u n + ih n ], w* = inf(u n+1 - u n ) ^ 0, 

n 

where u n ,n G Z is strongly increasing sequence of real numbers such that u n — > ±00 as 
n — > ±00. We fix the sequence u n ,n G Z and consider the conformal mapping for various 
h G £°°. For fixed h the difference of any two such mappings equals a real constant, but the 
imaginary part y(k) = lmz(k) is unique. We call such mapping z(k) the comb mapping. 
Define the inverse mapping k(-) : C + — > K + (h). It is clear that k(z),z = x + iy G C + has 
the continuous extension into C+. We define "gaps" g n , "bands" a n and the "spectrum" a 
of the comb mapping by: 

9n = fa > z n ) = ( z ( u n - 0), z{u n + 0)), a n = z~], o = U n6Z a n . 
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The function u(z) = Refc(z) is strongly increasing on each band a n and u(z) = u n for all 
z G [z~, z+], jiGZ; the function v(z) = Imk(z) equals zero on each band o n and is strongly 
convex on each gap g n 7^ and has the maximum at some point z n given by v(z n ) = h n . If the 
gap is empty we set z n = z„- The function z(-) has an analytic extension (by the symmetry) 
from the domain K + (h) onto the domain K(h) and z(-) : K(h) — > z(K(h)) = Z = C \ VJg n 
is a conformal mapping. These and others properties of the comb mappings it is possible to 
find in the papers of Levin |Lej . 

We formulate our second result about the estimates for conformal mappings. 

Theorem 2.1. Let = inf n (it n+ i — u n ) > 0. Then the following estimates hold true 

\\h\\ p ^2\\g\\ p (l + a p \\g\\*), pe[l,2], a p = ± '— , (2.1) 



2 



\h\\ P <-c;\\g\\ q [i + 



2C 



ITU* 



2 



1 71 — \ S < I 



2.1/p I I 



MID, c p =[-) , P >2, - + - = 1, (2.2) 



^^\\J\\ P ^^h\\ P (i + *M\ p P ) 1/2 , p>h 



(2.3) 



7T 

2 



J\\ p ^ \\h\\ p <: 4\\J\\ p (l + a p 2P\\J\\l), p^l. (2.4) 



We formulate our second result about the estimates for conformal mappings. 
Theorem 2.2. Let h G ^>,p G [1,2] and let w* > 0. Then the following estimates hold true 

, ^ min{27r|| / x ± || 00 , \\J\\ PiW , 2n^\\g\\ PJU (l + ap\\g\\^) 1/q }, (2.5) 



\g\\ P ,u>^2\\h\\ PtUJ ^c 9 \\g\\ p ^ c = e W»/«*, (2.6) 
\\9\\p,to 

^ 2\\J\\w < c 5 2|MU, (2.7) 

IMI^ ^ 211^11^ < c 18 \\g\\ p ^. (2.9) 
Define the Dirichlet integral Id and the moment Qq by 

I D = - [[ \z'{k) - l\ 2 dudv = - ft \k'(z) - l\ 2 dxdy, Qo = - f v{z)dz, 

7T J JC K J J c IX J R 

where k = u + iv, z = x + iy. The last identity holds since the Dirichlet integral is invariant 
under the conformal mappings. In order to prove our main theorems we need the following 
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Proposition 2.3. Let h G £°° and let ^ 0. Then 

^ ^ Qo, (2.10) 
nQo<\\h\\ p \\g\\ q , p>l, (2.11) 
^ Nlf, PG[1,2], (2.12) 

7T 

tQo<IHLNIi<-IMI?, (2-13) 

7T 

IHL^-llfflli, llfflli^2||/i||i. (2.14) 

7T 

Proof of Theorem ll.il - Proposition [T73l follow directly from Theorem l2.il - Proposition 
EJand the identity ffi~2j) . 

We recall needed results. Below we will use very often the following simple estimate 

\g n \ < 2hn, all n e Z, (2.15) 

see e.g. [MOT] . [KKl] . Hence if /i G C then 7 G ££. 

For each h G the following estimates and identities hold true 

hg\\ 2 ^ 2Q = I D = y^A n = \\J\\ 2 < -V/inbnl, (2.16) 

fl^nl 2 . 2 /" 2|# n |/l n 

max< — - — , > < A n = — / v(x)dx ^ , (2.17) 

I 4 7T J 7T /„ 7T 

see [KKl]. These show that functional Q = - Lv(x) dx is bounded for h G £ 2 . 

Below we will sometimes write g n (h), z(k, h), .., instead of g n ,z(k),.., when several se- 
quences h G £°° are being dealt with. Recall the Lindelof principle (see [J]), which is 
formulated in the form, convenient for us (see [KKlj ): 

Let h, h G and let h n Si h n for all n G Z. JTien i/ie following estimates hold: 

y(k,h)^y{k,h), all k e K + (h), (2.18) 

QoW ^ Qo{h) and if Q (h) = Q (h), then h = h, (2.19) 

\a n (h)\ > \a n {h)\. (2.20) 

Define the effective masses v n in the plane K(h) for the end of the slit [u n + ih n ,u n — 
ih n ], h n >0bj 

k(z) - (u n + ih n ) = ( Z ~ Zn)2 (1 + 0(z - z n ))) as z^z n . (2.21) 

Thus we obtain v n = l/\k"(z n )\, if h n > and we set u n = if |gr„| = 0. We show the 
possibility of the Lindelof principle in the following Lemma. 
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Lemma 2.4. For each h £ £°° the estimate (12.101) and the following estimate hold true 

u n ^ hn, all neZ. (2.22) 

Proof. Sufficiently to proof for the case n = 0. We apply estimate (I2.18P to h and to the 
new sequence: h = h and h n = if n ^ 0. It is clear that z(k, h) = y(k — Mo) 2 + (the 
principal value). Then (12.181) gives 



y(k, h) ^ Im(y (k - u n ) 2 + h 2 ), k £ K + (h). 

Then asymptotics ( 12.211) of the function z(k, h) as k — > uq + z/io yields ( 12.22f) . In order to 
prove f[2TT0l) we use fl2~T9l) since Q (^) = h 2 /2. Note that it and f[2~l~!l yield fl2TTUD . ■ 
We recall estimates from [K4]. 

Theorem 2.5. Lei /i £ £°° . Then for any r>0,u£Z the following estimate holds true 

' Un+Sr 



/i 2 < ^maxjl, // |z'(fc) - l| 2 ducfc, S r = {zGC: |Rez|<r}, (2.23) 



// in addition, inf n (w n+ i — u n ) = > 0, then 

-Jd < < ^max{l,^)/ D < ^maxjl,^}/^ (2.24) 
4 2 l J 2 I J 

^Nl2<IH|2<7r|M| 2 (l + ^|HH), (2.25) 

W^l|j|| 2 < V2y| 2 (i + ^y|). (2.26) 



In order to prove Theorem 12.71 we need the following result about the simple mapping 
and the domain S r = {z £ C : | Re z| < r}, r > 0. 



Lemma 2.6. The function f(k) = \/k 2 + h 2 , k £ C \ [— i/t, z/i], /i > m i/ie conformal 
mapping from C\[—ih,ih] ontoC\[—h,h] andS r \[—h,h] C f(S r \[—ih,ih]) for any r > 0. 

Proof. Consider the image of the half-line k — r + iv, v > 0. We have the equations 

x 2 + y 2 = £ = r 2 + h 2 - v 2 , xy = rv. (2.27) 

The second identity in (I2.27P yields x > since y > . Then x 4 — £x 2 — r 2 v 2 = 0, and 
enough to check the following inequality x 2 = |(£ + a/£ 2 + Ar 2 v 2 ) > r 2 . The last estimate 
follows from the simple relations 

I 2 i t 2 2\2 , 2 2 ^ / 2 , 2 r 2\2 ,< 2 2 ^ ^2/2 ,2\ _ 

(r+n— v)+4:rv>{r+v— h), 4r t> > 4r [v — h ). ■ 
We prove the local estimates for the small slits, which are crucial for us. 
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Theorem 2.7. Let h e £°° . Assume that {u n — r,u n + r) C (« n -i> Un+i) an d hn ^ \, for 
some neZ and r > 0. T/ien 

l^n-l/^H < ^^|^|/?n, J «=-// k'(fc)-l| 2 rf^, (2.28) 

r 7T JJ Un+ s r 

0^h n -u n <: 2-^h n y[T n , (2.29) 
r 

< K - %1 < ^±^ n ^. (2.30) 
2 r 

Proof. Define the functions /(&) = yVk 2 + h^, k G S r \ [—ih n ,ih n ],(f) = f' 1 and F(w) = 
z(u n + <f>(w) , h) , w =p + iq, where the variable w G G\ = f((S r \ [—ih n ,ih n ])). The function 
F is real for real w, then F is analytic in the domain G = G\ U [— h n , h n ] and Lemma [2.61 
yields S r C G. Let now |u>i| = | and B r = {z : |z| < r}. Then the following estimates hold 

y^ r -\F'(w 1 )-l\^(ff \F'(w) - l\ 2 d V dqfl 2 < (2.31) 



2' 



V2 / /•/• n \l/2 



< (yy^ - 0H)'i 2 «) +( y y^ - ii 2 cW) 

The invariance of the Dirichlet integral with respect to the conformal mapping gives 

\{F(w)-(f)(w)y\ 2 dpdq= II \z'{k)-l\ 2 dudv sC II \z {k)-l\ 2 dudv = nl n . (2.32) 

B r JJ<j>{B r ) J J Sr+U n 

Moreover, the identity 2Q = I D implies 

- // \<f>'(w) - l\ 2 dpdq <:- II \(j)'{w) - l\ 2 dpdq = - I " yjh\ - x 2 dx = h 2 n . (2.33) 

nJJ Br 7T J J C 71 J_ hn 

Then fr2~3B - (T2~33j) for \ Wl \ = § yields |F'(u>i) - 1| < + /i n ), and (1X2B1 gives 

^ < y ■ - / / W(k) - l\ 2 dudv ^ ^—l n . 

Then for \w^\ = | we have 



\F'( Wl ) - 1| ^ -(1 + l)JT n = 2 —\[T n , (2.34) 
r 2 r 

and the maximum principle yields the needed estimates for \w\\ ^ r/2. 
We prove (12.281) for The definition of /i^ (see fll.9|) ) implies 

F'(h n ) = lim z'(M n + g(x)) ■ g'(x) = lim • = 



The substitution of the last identity into (I2.34p gives f!2.28j) . The proof for fi n is similar. 
We show ( jXggp . The definition of v n (see (ESQ)) yields 

(z(k) - z n ) 2 = 2iu n (k - u n - ih n )(l + o(l)) as k-+u n + ih n , 

<p(w) - ih n = —^( w ~ z n) 2 (X + o(l)) as w ^ u n . 

Then we have F'(0) = and the substitution of the last identity into (I2.34[) shows 

^ ^VL, which gives (I2.29p . since by (I2.17p . v n ^ h n . Estimate (12.341) yields 

^ 2h n - \g n \ = (1 - F'{x))dx ^ —(2 + vr) yfT n , 

J-h n r 

which implies (I2.30f) . ■ 

We prove the estimates in terms of the £ p -norms. 
Proof of Proposition 12.31 We have proved (12.101) in Lemma 12^4"! Estimate (12.161) and the 
Holder inequality yield (12.111) . Using (12.101) . (I2.16P and the Holder inequality, we obtain 



rEK — 1 



(7r/2)/ D = 7rQ < h n\9n\ ^ \\h\\lo * ^ \dn\ ^ ( I D ) \\ Q \\ v \\ h \ 



i 

v • 



(1+1) 



(7r/2)I D * q <: \\g\\ p \\h\\«, and I D ^ (-) P \\g\\* \\h\\j. 

Estimate (12. 1 1 j) at q — 1 implies the first one in (12.131) . The last result and (12.101) yield the 
first inequality in (12. 14j) and then the second one in (12.131) . The second estimate in (12. 14j) 
follows from \g n \ ^ 2h n , nfZ (see (12.151) ). ■ 

3 Proof of the mains theorems 

Proof of Theorem EH Let p E [1, 2] and r = ^f. Estimate fl2T23D implies 

h 2 n < ymax{l,^}J n , I n = - [[ W(k) - l\ 2 dudv, (3.1) 

4 r 71 J Ju n +Sr 

Hence 

7T 2 U 71 11 

h n ^—I n , if h n >-^, and h n ^-\U^, if h n < . (3.2) 
it* 4 2 4 

Moreover, (12.301) yields 

K ^ -^r + 2 2 + 7 X h n \fT n , if h n < ^, (3.3) 
2 m* 4 

and then 

2 + 7T U 

h n ^ 27T J n , z/ /l n < — , \g n \ ^ (3.4) 

4 
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since h n ^ | \fl^. Hence using ( 13.41) . ( 13.2H . we obtain 

2 + 7T 

«7 \9n\ ^h n =>- h n ^ 2tt J„ = Ci/,, 

The last inequality and (12.101) yield 



d = 2tt 



2 + 7T 



it* 



1 p+1 

(p r 2p 



p < ( E ^ + ( E ^r 1 )' < ni p + <w , ^ 

Qn\ \9n n 

1 p+1 

If we assume that C(I^ V ^ \\g\\ P , then we obtain \\h\\ p ^ 2||p|| p . 

i p+i 

Conversely, if we assume that \\g\\ p ^ C(I^ V , then (13.51) . (I2.12p implies 

ip ^ 2(7* 



7T 



2/p 

iiyiip 



2p 



Hence 



J /p2 < 2Cf [(2/tt 



p+i 

p 2 



*C 2 p2 Cf(2/7r) 



P+illnlli+P 

p ' 



which yields (12. ip . 

Let p > 2. Using inequality (12331) . OTTUj) we obtain 



< (E h +~ 2h D' < ^ 7 B> & = &(*) = m ax{l, -}, /i H 

Consider the case 6^1. Then (13. 6ft . (12.111) imply 



l<C 2 p I D ^C 2 p (2M\\h\\ p 



and 



p < (2CJ/ 



7T 



Consider the case b > 1. Then the substitution of (12.101) . (12. lip into (13.61) yield 



p+i +1 
p < W < ^C p [(2M\\h\\ p \\gU^ 



and 



p-i 

2p 



P+1 



<C pU ?'*[{2M\\g\U% 



P < {C p u-^)^{2/^ 



p+i 



(3.5) 



(3-6) 



p+i 
p-i 

9 ' 



and combining these two cases we have (12.21) . 

Estimate \g n \ ^ 2J n (see (I2.17P ) yields the first one in (12.31) . Relation (I2.17P implies 



= E W < J2( 2 M P/2h n 2 \9n\ p/2 < ^M P/2 \\h\\f\\g\\ 
and using (12. ip we obtain the second estimate in (12. 3p : 



p/2 

p ' 



< Vy^\\g\\l /2 ingUi + oc P \\g\\ p P )\ 1/2 = -j^hW + ^hWD 1 ' 2 



n 



recall that a p = (2 p+2 (2 + ir)/u^ p /7r. Inequality J% ^ Ahl/n (see < KT7\t ) yields the first 
estimate in (I2.4p . Using (12.1 1) and ||g|| p ^ 2||J|| P (see (12.31) ) we deduce that 



11% < 2\\g\\ p (l + a p \\g\\%) ^ M\ J\W + ^PWD- ■ 
Recall the following identity for v(z) = lmk(z), z = x + iy from [KK1]: 

v(x)=v n (x)(l + Y n (x)), Y n (x) = ±J |t ^|^ (t) , v n {x) = \{x-zt){x-z-)\K (3.7) 

M\g n 

for all x G g n = (z~ , z+). In order to prove Theorem 12.21 we need the following results. 
Lemma 3.1. Let h G £°° and -u* > and c = e u * . Then the following estimates hold: 

s = mf |er„ | ^ ^ — max|e , c 2 |, (3.8) 

1 + ^ c 9 , (3.9) 

2 II /ill oo 

maxF n (x) ^ — , n G Z, (3.10) 

2/i n ^ |^|(l + maxy n (x)) < 1^(1 + ^ \g n \ c \ n G Z. (3.11) 

Proof. Introduce the domain 

G = G C : h+ ^ Im z > 0, Re z G (-y , y)} U {Im z > /i+ = 1 1 1 1 ^ . 

Let F be the conformal mapping from G onto C + , such that F(iy) ~ as y /* +oo and 
let a, (3 be images of the points y f, y f + ih + respectively. Define the function / = ImF. Fix 
any jigZ. Then the maximum principle yields 

y(k) =lmz(k, h) ^ f(k-p n ), k G G + p n , p n = ^(u n -i + 

Due to the fact that these positive functions equal zero on the interval (p n — ^,p n + ^f), we 
obtain ^ 

d v y(x) = d u x(x) ^ -p n ), x G (p„ - y,Pn + y)- 

where cL = ■§-. Then 

w./2 

z(a„) — z(-u n _i) ^ y d v f(x) dx = 2a > 0, 

-«./2 
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and the estimate s ^ u* (see [KK1]) implies 2a ^ s ^ u*. Let w : C + — > G be the inverse 
function for F, which is defined uniquely and the Christoffel-Schwartz formula yields 



r z t 2 - B 2 

»w = jf Vi^>- *= a *= 

Then we have 

r lp 2 - t 2 , , //5^t 2 



o 



a 2 -t 2 ' J a \ t 2 -a 2 

The first integral in (I3.12p has the simple double-sided estimates 



dt, h+= / ^cft. (3.12) 



2 Jo Va 2 - 1 2 2 
that is 

2a < s < ^ 7T/3. (3.13) 

Consider the second integral in (13.121) . Let e = (3 /a ^ 5 and using the new variable 
£ = a cosh r, cosh S = e, we obtain 



£ 2 "5 



/ [ 5 I 2 / cosh 2 r 2 

h + = a ye 2 — cosh 2 rc?r ^ as I \j 1 5 — dr ^ 

io Jo ' ~ 

since for r ^ 5/2 we have the simple inequality 

cosh 2 r 



cosh 2 5 

Due to e ^ e s we get £ ^ exp(5/i + /2/3) and estimate (13. 13[) implies 



I 7T 57T 

- ^ — exp(— h+), if 5. (3.14) 

s 2m* 2m* 

If £ ^ 5, then using (13 . 13[) again we obtain 

1 £ 7T£ 71 

- < — ; < < 5, l/ £ ^ 5. 

s 2p 2m* 2m* 

and the last estimate together with (13. 14j) yield (I3.8IUI3.9I) . 
Identity (13. 7p for x G g n = (z~, z£) implies 

nY ( x ) - f z "~ s v ^ dt + r v ^ dt < r is k+dt + r k+dt < 2k+ 

J -00 \t — %\v n (t) Jzi+s \t ~ x \ v n{t) J-oo \t ~ z n | 2 J z++s \t ~ Z H 2 s 

Using (13.71) . (13.91) and simple inequality v n {z n ) ^ \g n \/2 we have (13. lip . ■ 
We prove the two-sided estimates of h n , \g n \,/i^, J n in the weight spaces. 
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Proof of Theorem 12.21 The first estimate in (12.51) follows from h n ^ 27r|yU^| (see [KK1]). 
The second one in (I2.5P follows from \\h\lao ^ \JI~d = \\J\\2 ^ ll^llp ^ II^IIp.w since u n ^ 1 for 
any nsZ. Moreover, substituting (12.121) into ||/i||oo ^ V^d> using (12.11) and ||/|| p ^ ||/||p,w 
for any /, we obtain the last estimate in (12.51) . 

Recall that c = exp . The first estimate in (12. 6p follows from (12.151) . Due to (13. lip 
we get 2h n ^ c 9 |g n |, which yields the second estimate in (12.61) . 

The first estimate in fl22D follows from (OTjl . Using (12371) . f l3~TT|) we have J 2 sC 
2|5'n|^n/ 7r ^ (c 9 / 71 ")!^! 2 , which gives the second estimate in (12.71) . 

The first estimate in (J22D follows from fl2TT7D . fl2TT5D . Using (I2T7|) . fl3TTB we obtain 

^ c 9 |g n |/i n /2 ^ (nc 9 /2)J 2 , which yields the second inequality in (12. 8p . 

Identity 2|/i^| = \g n \[l + Y n (z^)] 2 (see [KK1]) implies 2\^\ ^ |g n |, which yields the first 
inequality in (I2.9p . Moreover, using (I3.1ip we obtain the estimate 2|/x^| ^ c 18 |g n |, which 
gives the second one in (12. 9p . ■ 

Recall that for a compact subset Q C C the analytic capacity is given by 

C = C(O) = sup [|/'(oo)| :/ is analytic in C \ fi; |/(ife)| < 1, ife 6 C \ , (3.15) 

where f'{oo) = lim k(f(k) — /(oo)). We will use the well known Theorem (see [Iv], [Poj ) 

Theorem f Ivanov-Pommerenke ). Let E C M. 6e compact. Then the analytic capacity 
C(E) = \E\/A, where \E\ is the Lebesgue measure (the length) of the set E. Moreover, the 
Ahlfors function fE (the unique function, which gives sup in the definition of the analytic 
capacity) has the following form: 

exp (\<p E (z)) - 1 f dt ^ (r \ T? fo^ R \ 

f E W = 7T7 / \\ , i > </WJ = / -; zeC\B. (3.16) 

exp {^(pE{z)) + 1 Je z-t 

We will use the following simple remark: Let Si, S2, ■ ■ ■ , SW be disjoint continua in the plane 
C; D = C\U^ =1 S n . Introduce the class T!{D) of the conformal mapping w from the domain 
D onto C with the following asymptotics: w(k) = k + [Q(w) + o(l)]/k, k — > 00. If £7 C C is 
compact; D = C\Q, g G S'(D), then C(fi) = C(C \ g(D)). It follows immediately from the 
definition of the analytic capacity. 

Let £ 2 in C £ 2 be the subset of finite sequences of non negative numbers. Then, using the 
Ivanov-Pommerenke Theorem and the last remark we obtain 



\g(h)\\i = C(T(h)), where h G f fin , V(h) = U[u n - ih n , u n + ih ni . 



Now we estimate the Dirichlet integral Io{h) = 2Qo(h) for the case ^ 0, using a 
geometric construction. 

Theorem 3.2. Let h G £°°, h n — > as \n\ —>■ 00; and let h = h(h) be given by 
if h = 0, then h = 0, 

if h ^ 0, let an integer ni be such that h ni = h ni = max neZ h n > 0; assume that the 
numbers h ni , h n2 , . . . , h nk are defined, then n k+ i is given by 

h nk+1 = K = max/i n > 0, B = {n G Z : \u n - u n J > h ns , 1 ^ s < fc}, (3.17) 

nSE-B 
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and let h n = 0, if n ^ {n k , k G Z}. 
JTien £/ie following estimates hold: 

-Ml^Qo(h) = ^<^\\h\\l (3.18) 

Proof. The Lindelof principal yields Qo{h) ^ Qo(h). On the other hand open squares 
-Pfc = iun k - tk, u nk + t k ) x (— t fc , i fc ), t k = h nk = h nk ,k G Z, does not overlap. Then applying 
( I2.23P to the function (z(k, h) — k) and P k , we obtain 

2t 2 k ^nJ J \z'{k,h) - l\ 2 dudv, (3.19) 

and 

Q»(h) = \i D {h)>- 2 Y,tl = \\n\i 

2 7T Z z — ' 7T Z 

which yields the first estimate in ( 13. 18ft . 

Let Q k = {n G Z : u n G [w nfc — t k ,u nk + By the Lindelof principal, the gap length 
\g nk \ such that [u n ,u n + ih n ],n G increases if we take off all another slits. By the Ivanov- 
Pomerenke Theorem (see above), the sum of new gap lengths equals to 4 x capacity of 
the set E = U n6 Q fc [w„ — h n ,u n + h n ], which is less than the diameter of the set E. Then 
Z~2nen k \dn{h)\ ^ 2^/2t k , and using the last estimate we obtain 

nQo(h) ^J2 h ^n\ h ^n\ < J2 tk J2 \9n\ < 2V2~J2 t2 k = 2 ^Mi (3.20) 

since h n ^ t k ,n £ £l k and the diameter of the set E is less than or equals 2\/2t k . ■ 

Note that the proved Theorem shows that estimates ( I2.25l) .( j2.26l) hold true for the weaker 
conditions on the sequence u n , n G Z. 
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